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Abstract 

We shall deal with the periodic problem for nonlinear perturbations of abstract 
hyperbolic evolution equations generating an evolution system of contractions. We 
prove an averaging principle for the translation along trajectories operator associated 
to the nonlinear evolution system, expressed in terms of the topological degree. The 
abstract results shall be applied to the damped hyperbolic partial differential equation. 


1 Introduction 

We shall be concerned with T-periodic solutions of the nonlinear evolution equation 

(-P) u(t) = A(t)u(t) + F(t, u(t)), t € [0, T] 

where T > 0 is fixed, {A(t)} tg [ 0j T] is a family of linear operators on a separable Banach 
space E satisfying the so-called hyperbolic conditions and F : [0, T] x E —>• E is a T-periodic 
in time continuous map satisfying the local Lipschitz condition with respect to the second 
variable and having sublinear growth, uniformly with respect to time. Moreover, it is also 
assumed that there is ui > 0 such that 

\\S A{t) (s)\\ < e~ us for t G [0,T] and s > 0, 

where SUp) stands for the Co semigroup generated by the operator Aft), and that there 
is k G [0,w) such that 

j3(F([0,T] x Q)) < k/3(Q) for any bounded Q C E, 

where (3 denotes the Hausdorff measure of noncompactness. Under these assumptions, the 
translation along trajectories operators <f>t : E —>• E, t G [0, T], given by d> 4 (x) := u(t;x), 
x G E, where u(-;x) stands for the solution of (P) with the initial condition u( 0) = x, are 
well-defined and continuous. Moreover, for t G [0,T], one has /3(&t{Q)) < e~^~ k ^f3{Q) 
for any bounded Q C E. This enables us to consider the topological degree of I — <h t and 
search T-periodic solutions corresponding to the fixed points of Our approach is based 
on the averaging idea, which says that if increasing the frequency in (P), i.e. considering 
equations ii(t) = A(t/\)u(t) + F(t/X,u(t)) with A —>• 0 + , then their solutions converge to 
solutions of the averaged equation 

u(t) = Au(t ) + F(u(t )) 
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where A + F is the time averaged right-hand side of ( P ) (the precise meaning is explained 
in the sequel - see Theorem S3]). Therefore, after rescaling time, we study T-periodic 
solutions of equations 

(P\) u(t ) = A A(t)u(t) + A F(t,u(t)), t G [0, T] 

by means of the associated translation along trajectories operator <3?^. We prove that, 
for small A > 0, the topological degree of I — \ with respect to a proper open bounded 

U C E, is equal to the topological degree Deg(A + F,U) - see Theorem 14.41 This formula 
will imply the existence of T-periodic solutions provided Deg(A + F, U) ^ 0. In some 
natural cases the geometry of the right-hand side allows concluding the nontriviality of 
the topological degree and get some a priori bounds estimates, which provide effective 
criteria for the existence of T -periodic solutions - see Theorem 14.111 

The abstract hyperbolic type linear or semi-linear systems and their applications to 
partial differential equations were developed by Kato (see e.g. i) and Tanabe (see e.g. m 
and references therein). Some existence results for initial value problems associated with 
nonlinear perturbations of evolution systems are standard and can be found e.g. in m- 
As we need the continuity of translation along trajectories and some related homotopies, 
we have to verify the continuity and compactness of solutions as functions of initial data 
and parameters. Moreover, due to some infinitesimal passages related to the averaging 
method used in the paper, a parameterized version of the representation formula must 
be derived. As a tool we use the topological degree for so called k- set contraction vector 
fields due to Sadovskii (see [lj and references therein) and Nussbaum (see 31]). The 
topological degree for maps of the form A + F, where an invertible operator A generates a 
Co semigroup and F is a continuous k- set contraction is obtained as the degree of vector 
field I + A~ 1 F, which is a standard - see e.g. [?] and some comments on the specific 
properties that we use are in [3]. Averaging methods combined with topological degree 
and fixed point index were used in jj] to find periodic solutions for time dependent vector 
fields on finite dimensional manifolds. Analogues of this method, in the case of infinite 
dimensional Banach spaces was stated in where periodic solutions for the equations 

of the form ii(t) = Au(t)+F(t , u(t)), with A generating compact semigroups, were derived. 
Also averaging methods together with Rybakowski’s version of the Conley index were used 
in m , where the existence of so-called recurrent solutions is studied for nonautonomous 
parabolic equations. Periodic solutions for nonautonomous damped hyperbolic equations 
has been also thoroughly studied in [12] and P3j. The present paper is a continuation of @] 
where the periodic problem is considered in the case where A generates a Co-semigroup 
of strict contractions and F is a perturbation, i.e. the situation applicable to damped 
hyperbolic equations. 

The paper is organized as follows. In Section 2, we prove a parameterized version 
of the representation theorem, which is a useful framework for limit passages concerned 
with evolution systems at all and also those considered in the next sections. Section 3 
is devoted to the properties of the translation along trajectories operator such as the 
existence, continuity with respect to the parameter and compactness. In Section 4 we 
deal with the main result of the paper, that is the averaging method for periodic solutions 
of (P). Section 5 provides an example of application to second order hyperbolic partial 
differential equations. 
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2 General Representation Theorem 


We start with a parameterized version of Theorem 3.5 from m ch. 3 ]. 

Theorem 2.1 Let L : (0,+oo) x [0,1] —>• C(E,E), where E is a Banach space, be a 
mapping such that 

(1) \\L(X,p)\\<l for A > 0, // £ [0,1] 
and there is a dense subspace V of E such that 

(2) lim A _1 (L(A, p)v — v) = A^v for v € V, /zo £ [0,1], 

where, for each p £ [0,1], : D(A^) —>• E is a linear operator such that V C D(A^) 

and (api — A^)V is dense in E for some a^> 0. 

Then _ 

(i) for any p £ [0,1], the operator A- 1 ' 1 is closable and its closure A^A) generates a Co 
semigroup of contractions {S-^(t) : E —>• E} t > o; 

(ii) for any sequence of a positive integers (k n ) and a sequence (A n ) in (0,+oo) such 

that k n —>• oo, k n \ n —>• t as n —>• +oo, for some t > 0, and any (p n ) in [0,1] with 
hn ho ? 

(3) lim L(X n , p n ) kn x = S—r—y(t)x for each x € E; 

(iii) for sequences ( k n ), (X n ), ( p n ) and t > 0 as in (ii) 

(4) lim°\ n (I+L(\ n , p n )+L(\ n , p n y+.. ,+L(\ n , p n ) kn ^)x —> J (r )x dr 
for each x £ E. 

In the proof we shall use the following two Lemmata. 

Lemma 2.2 (see 12 Ch. 3, Theorem 4.5]) If (A n ) n > i is a sequence of operators gener¬ 
ating Cq semigroups {SA n (t)}t>o> n > 1, and A : V —>• E is a linear operator, where V is 
a dense subspace of E, with the following properties 

(a) there are M > 1 and uj € M such that ||<SU„(£)|| < Me ui for any n > 1; 

(b) for every v £ V, A n v —>• Av as n —>• oo; 

(c) there exists po > co such that (pol — A)V is dense in E, 

then the closure A of A generates a Co semigroup {<S^(i)}t>o such that 

||%(t)|| < Me ut for t> 0 

and 

lim SA n (t)x = S-r(t)x for t > 0, x £ E. 

The above convergence is uniform with respect to t from bounded intervals. 
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Lemma 2.3 (see [T3f Ch. 3, Corollary 5.2]) If T E C(E,E) and \\T\\ < 1, then for any 
integer n > 0 and x E E 

\\e {T ~ I)n x - T n x || < y/n\\x - Tx ||. 


Proof of Theorem 12.11 (i) Define : E —>• E by := A 1 (L(A,/i) — I) and for 

any A > 0, n E [0,1] and t > 0, put S^\t) := exp (tA^). Clearly, in view of (JTJ), for any 
A > 0 and ^ E [0,1] 

(5) ll^’MIl < = L 

If A n —>• 0+ and /i n —>• yuoi then due to ([2]), 

lim A^ ln \ = for v E P. 

n—>■ oo An 

By the assumption, there is a Mo > 0 such that (a w /— A^ 0 ^)V is dense in E and, in view of 
Lemma 12.2L we infer that A^ 0 ^ is closable and its closure A^o) generates Co a semigroup 
{ Sa{h 0 ) (f )} °f bounded linear operators on E, such that || S a ^ q) (t)|| < 1 for any t > 0 
and furthermore 

(6) S^\t)x —> S A ^ o) (t)x for any x E E, as n —> oo 

uniformly for t from bounded subintervals of [0, +oo). 

(ii) Let the sequence of a positive integers (k n ), the sequence (A n ) in (0, +oo) and (fi n ) 
in [0,1] be such that k n —>• oo, k n \ n —>• t as n —>• +oo, for some t > 0, and /j, n —>• /xo as 
n —>• +oo. Then for any and n > 1 

(7) ||L(A n ,/x n ) fc "u - S^(t)v || < ||L(A n , ia n ) kn v - S^ n \x n k n )v\\ 

+ II S^ n n) (X n k n )v - (X n k n )v\\ + ||5 , -^(A n fc n )u - ||. 

By Lemma 12.31 and ([2]), for any 

\\L(\n,fin) kn v-S^\\ n k n )v\\ = \\e k ^ x ^-^v - L(X n ,fi n ) k -v\\ 

— V k n 11 v L(X n , fj, n )v\\ 

(8) = \/K.\/knKWK 1 ( v - L(X n , fi n )v)W ->■ 0 as n —» oo. 


Consequently, by (JT]) , (]5j) and the density of V in E, we obtain that 

(9) ||L(A n , fi n ) kn x — S^™\x n k n )x\\ —> 0 for each x E E, as n —>• oo. 

Furthermore, in view of the uniform convergence on bounded intervals in ©, one has 

\\Sx^\nnk n ) x ~ Sj^{X n k n )x || ->■ 0 for any x E E, as n ^ oo. 

This, together with ((7]), Q and the continuity of the semigroup 5 (Mo) , gives ([3]). 

(iii) Take any and observe that 


kn 1 pt 

Xn ^ " L(A n ,/i n ) 'U / 

k =0 - 70 


S JU^r( T ) vdT 


<im + iw + m, 
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where 


/« := 
n 

/( 2 ) - 
n 

r(3) •- 

J. -VI 


1 


kn 1 


An £ L(\ n ,Hn) k V-\n £ S^ n \kX n )v 
k= 0 fc=0 

kn 1 k n 1 

An £ S^\k\ n )v-X n £ S^(kX n ) 

k =0 k =0 

—1 /*£ 

A" £ S^ikXrJv- / S^(t)ucJt 

u —n J 0 


/c=0 


First, in view of Lemma 12.31 and ([2]), one has 

4 1} < k n X n max{||L(A n , /r n ) fc - e H L (*n,»n)-i) || | k = 1,. .., k n - 1} 
(10) < k n X n maxjv^llf - L( A n , // n )n|| | & = 1, ■ ■ •, k n - 1} 

iL VX:( knX n ) ^ || A n (u L(A n , Hn)v} || t 0 as ?r )■ oo. 


Furthermore, by the uniform convergence in ([6|) on the interval [0, t], where t := sup n>1 k n A n , 
we get 

(11) 1^ <k n X n max{\\S^\kX n )v-S-^j (kX^v\\\k = 0,... ,k n -l}^- 0 as n ->• oo. 

/o\ 

It is also clear that /„ —>• 0 as n —>• oo, which along with (fTOl) and (fill) implies that (J!|) 
is satisfied for i£f. Finally, since for any n > 1 


1 j-t 

A„ £ L(A„,„,y-y S_,„ o) (r) dr 


^ k n X n -\-1 C 


for some constant C > 0 independent of n and since V is dense in E, one has the required 
convergence for each x G E. □ 


3 Continuity and compactness properties for solution 
operator 


A family { R(t , s)}o<s<i<r, T > 0 of bounded linear operators on a Banach space E is 
called an evolution system provided R(t,t ) = I for each t e [0, T], R(t,s ) = R(t,r)R(r, s) 
if only 0 < s < t < T and for any x € E, the map (i, s) H > R(t, s)x is continuous. A family 
{R^ }Ag[o,i] °f evolution systems is called continuous if, for any x € E and (A„) in [0,1] 
with X n —> A, R( Xn \t,s)x —»■ R.( x ' l (t,s)x uniformly with respect to t,s E [0,T] with s < t. 

Evolution systems are naturally determined by time-dependent families of linear op¬ 
erators. Namely, if (A(t)} tg [ 0i T] is a family of linear operators on a Banach space E such 
that for any s € [0, T} and x € E, the problem 

( ii(t) = A(t)u(t), f G [s,T] 

\ u(s) = x 

admits (in some sense) a unique solution u StX : [s, T] —>• E, then the corresponding evo¬ 
lution system {R(t, s)}o< s <t<T is given by R(t,s)x := u SjX (t), for t € [s,T], A particular 
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type of evolution systems - the so-called hyperbolic evolution systems, will be discussed in 
details at the end of this section. 

Proposition 3.1 Suppose that i] a continuous family of evolution systems 

and the operator £ : E x L 1 ([0 ,T],E) x [0,1] —>• C([0,T], E) is given by 

E(x,w, X)(t) := R ( - x \t,0)x + [ R^ x \t, s)w(s) ds. 

Jo 

Then 

(i) £ is continuous; 

(ii) if K C E is relatively compact and W C L 1 ([0, T], E) is such that there is c E 
£ 1 ([0,T]) with ||tc(t)|| < c(t ) for any w G W and a.e. t € [0, T], then T,(K x W x 
[0,1]) is relatively compact if and only if the set {u(t) \ u € £(A” x W x [0,1])} is 
relatively compact for any t € [0, T]. 

Remark 3.2 (a) Under the above notation, if t,t + h € [0, T] with h > 0, then 

rt+h 

E(x,w,X)(t + h) = R ( ~ x \t + h,t)T,(x,w,X)(t) + J R^ x \t + h, s)w(s) ds, 

which follows directly from the definition of £ and the properties of evolution systems, 
(b) If {A (A) } Ae[0 ^ is a continuous family of evolution systems, then for any x € E the 

set {R^(t,s) x | 0 < s < t < T, A € [0,1]} is bounded. Hence, in view of the uniform 
boundedness principle, there exists M > 0 such that 

||A^(i, s)|| < M for any t, s £ [0,T] with s < t and A € [0,1]. 


Proof of Proposition 13.ll (i) Let x n —> xq in E, w n —> wq in Zv 1 ([0, T\, E) and \ n —>• Ao- 
Clearly, by Remark 13.21 one has 

||-R( An )(t, 0)x n — R( Xo \t, 0)x 0 || < ||R^ An ^(t, 0)x n — R^ Xn \t, 0)x o || + 

(12) + \\R^\t,0)x o -R^ Xo \t,0)x o \\ 

< M||x n - x 0 || + ||i? (An ' ) (t,0)x 0 - A (Ao) (f,0)x 0 || 

and hence, by the continuity of the family {Z?^ A ^}[o,i]•> we infer that ||i?^ n ^(t, 0)x n — 
R( Xo \t, 0)x 0 || —>• 0 as n —» +oo, uniformly with respect to t £ [0,T]. In a similar manner 


( 13 ) 


't ft 

R^ Xn \t, s)w n (s) ds— / R^ x °\t, s)wo(s) ds 

i Jo 

< [ \\R i - Xn \t,s)w n (s)-R^ Xo \t,s)w 0 (s)\\ ds 
Jo 

< [ \\R^ Xn \t,s)w n (s)-R^ Xn \t,s)wo(s)\\ds 
Jo 

+ [ \\R < ' Xn) (t,s)w 0 (s)-R < ' Xo) (t,s)w 0 (s)\\ds 


< M\\w n - w 0 ||li([o,t],e) + / Tn(s)ds, 

■Jo 
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where functions tp n : [0,T] —>• R, n > 1, are given by 

<Pn(s) := sup ||[i? (An:) (T, a) - i? (Ao) (r, cr)]^ 0 (s)||. 

<t,tE[0,T],t>ct 

It is easy to check that functions ip n , n > 1 are measurable and, by the continuity of 
{i?( A )} a£[o,i] and Remark 13.21 we infer that, for a.e. s G [0, T], <p n (s) —>• 0 as n —>• +oo. 
On the other hand 0 < tpn(s) < 2M||u;o(s)||, for s G [0, T], which in view of the Lebesgue 
dominated convergence theorem gives tp n (s) ds —» 0 as n —>• +oo and together with 
(fT!Z1) proves (i). 

(ii) Suppose that the set {u(t) \ u G Y>(K x W x [0,1])} is relatively compact for any 
t G [0, T\. Take any e > 0 and fix t G [0, T], Let <5 > 0 be such that f c(s) ds < 

[ts,t+s]n[o,T] 

e/3M. Suppose that t G [0, T). Since the set := {E(x, w, A)(t) | x G A', w G IT, A G [0,1]} 
is compact, one may eventually decrease 5 > 0 so that 

||i? (A )(t + h, t)z — z\\ < e/2, if t + h < T, h G [0, 6), A E [0,1], z € Q*. 


Now take h E [0,(5) such that t + h E [0, T]. Then, denoting £ := £(x,ui, A) for any 
(x, w, A) E K x IT x [0,1], one has 

||E(i + /i) - E(t)|| < ||E(i + h)~ R {X) (t + h,t)E(t) || + ||i?W(t + /i,t)E(t) - E(t)|| 

< / ||R (A) (t + /i,s)w;(s)||ds + ||R (A) (f+ M)£(t) -E(i)|| 

c(s) ds + e/2 < e. 


< Af 




If t E (0, T], then take any <5] E (0, min{t, 5}]. Since the set 

:= {£(x, w, X)(t — <5i) | x G AT, u; € W, A G [0,1]} 
is compact, there exists 5' G (0, <5i] such that 
||i ?^ A ^[t — h,t — 5\)z — R^ x \t,t — <5i)z|| < e/3 for any h G [0,5'), A G [0,1], z G Qt-< 5 i- 
In consequence, for any x G K , re G IT, A G [0,1] and h G [0,5') 


||E(t -h)- E(t)|| < ||E(t -h)- R {x \t — h,t — 5i )E(t - <5i)|| 

+ ||i?( A )(t -h,t- <5i)E(t - 5i) - RW(t,t- 5i)E(t - 5i)|| 

+ || J RW(t,t-5i)E(t-5 1 )-S(t)|| 



h, s)w(s) ds 


+ e/3 + 



R^ x \t, s)w(s) ds 


< M 



ds + 



c(s) ds < e. 


Hence, the set {E(x, w, A)} xe ^ jt „ e vK,Ae[o,i] is equicontinuous at any t G [0,T], which due 
to the Ascoli-Arzela theorem, completes the proof of (ii). □ 


We state basic continuity and compactness results for the translation along trajectories 
operator for a perturbed (possibly nonlinear) equation 


f u(t) = A(t)u(t) + F(t,u(t)), te[t 0 ,T] 
\ u(t 0 ) = x 0 
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where {^4(£)}te[o,T] is a family of linear operators on Banach space E with the associated 
evolution system {R(t, s)}o< s <t<r> F : [0, T] x E —» E is a continuous map, to £ [0, IT) 
and xq E E. Recall (after [12]) that a continuous function u : [to,T] —>• E is called a mild 
solution of (|14D if and only if 

u(t) = R(t, to)xo + f R(t,s)F(s,u(s)) ds for any t € [to,T]. 

Jt 0 

For the purpose of next sections we consider below a parameterized framework. 

Proposition 3.3 For each A E [0,1], let {^1^ (^)}te[o,T] be family of operators on a sepa¬ 
rable Banach space E having associated evolution system R>F . If the family {-R^}ag[o,i] 
is continuous and F : [0, T] x Ex [0,1] —}E is a continuous map being 
(Fi)par locally Lipschitz in the second variable uniformly with respect to the other variables, 
i.e. for each x € E, there exists r x > 0 and L x > 0 such that for each t € [0,T], 
x\, X 2 € B{x, r x ) and A € [0,1] 

\\F(t, xi,X) - F(t,x 2 , A)|| < L x ||xi - x 2 ||; 

(Fijpar of sublinear growth in the second variable uniformly with respect to the others, i.e. 
there is c > 0 such that 

||F(t, x, A)|| < c(l + ||x||) for any x € E,t E [0, T], A € [0,1]; 

(F:$)par cl k-set contraction, i.e. there exists k > 0 such that 

f3(F([0,T] x Q x [0,1])) < k/3(Q) for any bounded Q C E, 


then 

(i) (Existence) for any x E E and A E [0,1], the initial value problem 


f u(t) = (t)u(t) + F(t, u(t), A), t E [0, T] 

\ u( 0) = x 


admits a unique mild solution u( ■; 0, T, x, A); 

(ii) (Continuity) if (x n , X n ) —» (xq,Ao) in E x [0,1], t/ien 


(iii) 


u (-; 0, T, x n ,\ n ) ->• rt( • ;0,T, x 0 , A 0 ) in C([0, T], £); 
(Compactness) i/ additionally, there is u > 0 snc/i that 
(16) ||R (A) (M)|| < for 0<s<t<T 


and, for any t E [0, T], <1>4 : E x [0,1] —> E is given by <h t (x,A) := u(t; 0, T, x, A), 
then, for any bounded Q C E and t E [0, T], the set &t(Q x [0,1]) is bounded and 

/3(^(Qx[0,l]))<e( fc -^/3(Q). 
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Lemma 3.4 (see Eli 0) Suppose that E is a separable Banach space, W C L 1 ([a, b\,E) 
is countable and there is c E L 1 ([a, b]) such that ||u;(i)|| < c(t), for all w € W and a.e. 
t E [a, b], and let 4> : [a, b] —>• M be given by cf(t) := /3({w(t) \ w € W}). Then 4> E L 1 ([a, b ]) 
and 


P ( < / w(t) dr\w EW > \ < 


</>(r) dr. 


Lemma 3.5 Let {-R A }as[o,i] be a continuous family of evolution system such that 

(17) \\R {X) {t,s)\\<Me u{t - s) for 0 < s < t < T and X E [0,1] 

where M > 0 and co E R are constants. Then, for any bounded Q C E and s,t E [0, T] 
with s <t, 

P ({R w {t,s)x | x g Q, A G [0,1]}) < Me^-^PiQ). 


The proof is analogical to the proof of Lemma 2.1 from [3]. 

Proof of Proposition |3.3! (i) follows by standard arguments (see e.g. m and 0)- 
The proofs of (ii) and (iii) go in analogy to that of Proposition 3 in [3]. (ii) corresponds 
also to results from [5] (here we need a version with locally Lipschitz nonlinearity). To 
see (ii), observe that if x n —>• xq in E and \ n —>• Ao, then putting u n (s) := 4 ) < j (x n , X n ) for 
s € [0, T], one has 

P({u n {t)}n> l) < ^({i? (A7l) (t,0)x n } n >i) +p (J^J h t! n(s)ds \ Tl > 1 

where ht <n (s ) := R( Xri \t,s)F(s, u n (s),X n ) for s € [0, t]. In view of the (p 2 )par and the 
Gronwall inequality, there is Mq > 0 such that ||it Tl (s)|| < Mo, for all s € [0,T] and 
n > 1, which again by (F2) par gives M\ > 0 such that ||/fy re (s)|| < M\, for s E [0,T] and 
n > 1. This allows applying Remark 13.21 and Lemmata 13.41 and 13.51 and as a result, for any 
t € [0, T ], 

P ({«n(*)}n>l) < P (J^J ht,n{s) ds \ n > 1 

< f P({ht, n (s) | n > 1}) ds < kM f P ({ %(^)}n>l) 

Jo Jo 

By use of the Gronwall inequality, one gets P ((ti n (i)} n >i) = 0 for any t E [0, T]. Hence, 
due to the fact that u n = T,(x n , w n , \ n ) with w n (s) := F(s, u n (s), X n ) and Proposition 13. II 
(ii) any subsequence of ( u n ) contains a subsequence converging to some uq. By Proposition 
ixn (i), uq = E(xo,Wo, Xq) with wq(s) := F(s,uq(s), Xq) and therefore uq is a unique mild 
solution of (fl5|) . This completes the proof of (ii). 

(iii) Let Q be an arbitrary bounded subset of E and let Qo be a countable subset 
of Q such that Qq d Q and Ao a countable dense subset of [0,1]. First observe that 
using ( F 2 ) P ar and the Gronwall inequality as before, we infer that the sets 4h(Qo x [0,1]), 
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t E [0, T], are contained in a ball, and clearly, by use of Lemmata 13.51 and 13.41 
P(f&t(Qo x Ao)) — @ (^{R^ (t,0)x | x E Qo> A € Ao}^ + 

| J w x ,\,t( s ) ds I x e Qo, A E A 0 

<e ut f3(Qo) + f (3({uJx,\,t(s) | x E Qo> A € Ao}) ds, 

Jo 

where w x> \ jt (s) := s)F(s, <F s (x, A), A) for s € [0,t]. Further observe that, by (fflfll 

and Lemma [331 for any s E [0, t], one has 




/3({wa!,A,t(s)|®GQo, AeA 0 }) 

</?({i?W(M)^ | z E -F([0, T] x d> s (<5o x A 0 ) x A 0 ), AeA 0 }) 
< (F([0, T] x $ S (Q 0 x A 0 ) x A 0 )) 

Kke-^-^Pi^iQoxAo)). 


Combining the previous two inequalities together and applying the Gronwall inequality 
give P(® t {Qo x A 0 )) < e^-^PiQo) and finally /3(® t (Q x [0,1])) < /3{$t(Q 0 x A 0 )) < 
P(MQo X A o)) = P(MQo X Ao)) < e^-^PiQo) < eV'^PfQ). □ 


Now we pass to the hyperbolic case. We shall assume in the rest of this section 
that V is a Banach space which is densely and continuously embedded into E. Given a 
linear operator A : D(A) —>• E generating a Co semigroup {5'^(t)}t>o of bounded linear 
operators on E, V is said to be A-admissible provided V is an invariant subspace for each 
iSU(i) for t > 0 and the family of restrictions {SAft)v '■ V V}t> o ( S A ft)vx := S A ft)x, 
x € V) is a Co semigroup on V. Define the part of A in the space V as a linear operator 
Ay : D{Ay) —>■ V given by D{Ay) := {v E D(A) FI V \ Av E V}, Ayv := Av for 
v E D{Ay). In view of [141 Ch. 4, Theorem 5.5], if V is A-admissible then Ay is the 
generator of the Co semigroup {<S)4(t)y}t>o- 

Proposition 3.6 (see m Ch. 5, Theorem 3.1]) Let {A(t)} te r 0j T] be a family of linear 
operators on a Banach space E satisfying the following conditions 

(Hypi) {A(t)} t6 [ 0) r] is a stable family of infinitesimal generators of Co semigroups, i.e. there 
are M > 1 and oj E R such that 


\\S A (t 1 )(si)...S A{tn) (s n )\\c { E,E) < Me“( si+ - +s ") 


whenever 0 < t\ < ... < t n < T and si ,..., s n > 0, where {<S) 4 (t)( s )}s>o is the Co 
semigroup generated by Aft); 


(Hyp 2 ) V is Aft)-admissible for each t E [0, T] and the family {Ay (t)}te[o,T] is a stable 
family of generators of Co semigroups with constants My > 1 and uy E M; 

(Hyps) V C D(A(t)) and Aft) E C{V,E) for t E [0, T] and the mapping [0, T] 3 1t-3 Aft) E 
C(V, E) is continuous. 

Then there exists a unique evolution system {Rft, s)}o<s<t<T in E with the following prop¬ 
erties 


(i) \\Rft, s)|| < for 0 <s<t< T; 


(ii) ^R(t,s)v 


A(s)u for v E V, s E [0, T); 
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(iii) s)v = —R(t, s)A(s)v for v € V, 0 < s < t < T. 

Using homotopy invariants will require the continuity of linear evolution systems with 
respect to parameters. 

Proposition 3.7 Let, for each A £ [0,1], a family {Al( A )(t)}o<t<T satisfy conditions 
(Hypi)—(Hyp 3 ) with constants M, My, lj , uy independent of X and let = {R^(t, s)}o<s<t<T 
be the corresponding evolution systems in E determined by Proposition 13.61 If, for any 
Ao € [0,1], 

(18) [ P (A) (r) - A^ Xo \T)\\ c( y tE) dT ->• 0 as A-s>A 0 , 

Jo 

then {R W }x e [o, n is a continuous family of evolution systems in E. 


Proof. We use the construction from PI Ch. 5, Theorem 3.1]. Recall that for any 
A € [0,1] and x € E 

R^ x \t, s)x := lim R^\t, s)x for 0 < s < t < T, 

n—H-oo 

where, for each n > 1, the operator R^\t, s) : E -» E is given by (jl) 


R ( n\t,s):=< 


S?\ts) 

sl x \t-t n k ) 




s) 


if s,t € 1 ], 8<t, 

ifs€ [t^t^te [t n k ,t n k+1 ], 
and k > l > 0, 


with tj := ( j/n)T , Sj := S A (for j = 0,1 ,...,n. Moreover recall (after [13]) that 
{R^n\t, s)}o< s <t<T are evolution systems such that 

(19) ||Ri A )(t,s)|| £(EiE) <Me^- s ), \\Rg'>(t,s)\\ c( yy ) <M v( W<t-'\ R {X \t,s)V CV, 

for 0 < s < t < T and for any v £ V 

( 2 °) ^Rh X) (t,s)v = A^ x) (t)R ( n x \t,s)v for t,t*}, s <t, 

( 21 ) -^R ( n\t,s)v =-R (X \t,s)A (x) (s)v for s <£{%,%,... ,t™}, s<t, 

with A^\t) := A( x \t^) if < t < t% +1 for k = 0, 1 and A^(T) := A( X \T). 

Observe that in view of ( Hyp 3 ) for any A € [0,1], one has ||A„ (t) — A^{t)\\c(y^E) 0 

as n —>• +00 uniformly with respect to t £ [0, T]. Fix any v € V, A, p € [0,1], n > 1 and 
s, t £ [0, T] with s <t and define <f : [s,t] —)• E by <f(r) := R^\t,r)R^f\r,s)v. In view of 
([T9]) . (l20l) and (12TT) the map f is differentiable on [s,t] except finite number of points and 

R^ ( t , s)v - R {x) (t, s)v = cf{t) - <f(s) = (f'(r)dr, 

^ x) (t,r)(A ( ; f\r)) - A^(r))R^(r,s)vj dr. 

2 Here we adopt the convention that FIfc=i U := T n o T n ~1 o ... o Ti, for the sequence Ti, T2,..., T„ of 
bounded operators on E. 
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Hence, by (fTUl) 


\\Rn\t,s)v - R^(t,s)v\\ < MM v e^ +UJv)l \\v\\ v I P^ } (r) - (r)\\ C(V)E) dr. 

Jo 

Passing to the limit with n —>• +oo, we get 

\\R^(t,s)v — R^ x \t,s)v || < MMve( u+UJV ') T \\v\\v I ||H^(r) — A^ (r)\\ C ty^dr 

Jo 

and in consequence, R^\t,s)v —>• R^°\t, s)v for any v € V, as A —>• Ao and the conver¬ 
gence is uniform with respect to s, t. Using the density of V in E, we complete the proof 
since ||i?( A )(t, s) || < Me u( J s 1 for A € [0,1] and 0 < s < t < T. □ 

The following criterion for verification of conditions ( Hypi ) — ( Hyp 3 ) is useful in ap¬ 
plications. 


Proposition 3.8 f [141 Ch. 5, Theorem 4.8]) Suppose that a family {^4(t)}te[o,r] > where 
D(A(t )) = D for any t € [0, T] and some D C E, is stable and for each v € D the mapping 
[0, T] B t A(t)v € E is continuously differentiable. Then, the family {4(f)} te [ 0 j T] 
satisfies conditions ( Hyp{) — {Hypf) with V := D equipped with the norm given by ||u||y := 
||A(0)u|| + ||u|| for v € V. 


4 Averaging method for periodic solutions 


We shall deal with the periodic problem 


( u(t) = A(t)u(t) + F(t,u(t)), t G [0, T] 
l «(0) = u(T) 


where the family [O-T 1 ] °f linear operators on a separable Banach space E satisfies 

a more restrictive variant of (Hyp\) (from Proposition 13.61) 

[Hyp \) there is u > 0, such that 

ll'S',4(ti)(' S l) ' ' ' 'SU(t„)( s n)||£(E,E) ^ e W(S1+ - +S ™); 

whenever 0 < t\ < ... < t n < T and si,..., s n > 0, 
conditions {Hypf), {Hypf) and, additionally, 

(. Hyp 4 ) there is po > —u such that the space (pol — Aq)V is dense in E, where 

A :=^ £ A(t) dr eC(V,Ef 

(. Hyp 5 ) 4(0)x = A(T)x for x € D(A(0)) = D(A(T)). 

Furthermore, we assume that a continuous mapping F : [0, T] x E —>• E 
(Fi) is locally Lipschitz with respect to the second variable uniformly with respect to 
the first one; 
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(i^) has sublinear growth uniformly with respect to the first variable, i.e. there is a 
constant c > 0 such that 

||T(i,x)|| < c(l + ||x||) for x E E, t E [0,T]; 

(T 3 ) there is k E [0, w) such that 

/3{F{[0, T\ x Q)) < kj3{Q) for any bounded Q C E; 

(T 4 ) F(0,x) = F(T,x ) for x E E. 

The existence of periodic solutions will be obtained by means of a continuation principle 
for a parameterized family of periodic problems 

(p \ / u(t) = XA{t)u{t) + XF{t,u{t)), t E [0, T] 

{ T ’ X) \ u{ 0) = u(T) 

with the parameter A > 0. For any x E E and A E [0, T], by u{ ■; x. A) denote the unique 
mild solution of 

(22) u{t) = XA{t)u{t) + XF{t,u{t)), t E [0,T] 

satisfying the initial condition u{ 0; x, A) = x. The translation along trajectories operator 
for (1221) is denoted by : E —X E where t E [0, T]. A point (x,A) EBx [0,+ 00 ) is a 
T-periodic point for (l22l) if = x. We say that xo E E is a branching point (or 

a cobifurcation point ) for A > 0, if there exists a sequence of T-periodic points 

(x n , A n ) E B x (0, + 00 ) such that A n —X 0 and x n —X xq as n —» + 00 . 

Theorem 4.1 If xo £ E is a branching point of (Pt,\), then Ax 0 + F(xo) = 0 where 
A : D{A) E is the closure of Aq and F : E —x E is given by F(x) := (1/T) / Q T F(t, x) dr. 

Remark 4.2 (a) Recall that due to )T¥I, Ch. 1, Th. 4.3], if A : D(A) —> FI generates a Co 
semigroup of contractions, then the dissipativity condition 

(23) ||x — \Ax\\ > ||x|| for any x E D(A), A > 0 
is equivalent to 

( p,Ax ) < 0 for any x E D(A), p E J(x), 

where J(x) := {p E E* \ (p,x) = ||x || 2 = ||p|| 2 } is the dual set of x. 

(b) Hence, if (Hyp\) and (Hyp^) hold, then ul + Aq = ail + (1/T) A(r)dr in 
C(V,E) is a dissipative operator. This implies that the closure A : D(A) — > E of Ao is a 
well-defined linear operator and, by (l23j) . the operator A u := ojI + A is also dissipative, 
hence XI — A w has closed range whenever A > 0. If condition ( Hyp ^) holds, then the 
operator (//q + w)/ — A u = fiol — A has closed and dense range, since [iq + w > 0. It 
means that (//o + w)/ — A u is m-dissipative, since its range is the whole E and, by the 
Lumer-Phillips theorem, A generates a Co semigroup such that ||S'^-(t)|| < for t > 0. 

(c) In particular, (— u, + 00 ) C g(A) and, for each p, > —uo, 

{lil ~ ^ 0 )^ = {fil ~ A)V = {til - A){fi 0 I - A)~ 1 Vq 
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with Vo := (p 0 I — A)V being a dense subset of E. Since (pi — A)(p 0 I — A)~ l : E —>• E is 
a bounded bijection, we infer that (pi — -Ao)P is dense in E for any p > —oj. 

(d) If {^4(i)}te[o,T] satisfies conditions ( Hyp / 1 ), (Hyp 2 ) and (Hyp 3 ), then, in view of 
Proposition 13.61 and point (b), one has 

\\ R {t, s )\\c(E,E) < e~ u{ -^ s) for any s,t £ [ 0,T],s< t. 

In the proof of Theorem 14.11 and later on in the section we use the following lemma. 

Lemma 4.3 Let {^4(i)}tg[o,T] satisfy (Hyp\), (Hyp- 2 ) - ( Hyp 4 ) and let, for each p E [0,1], 
the family {A^ (t)}t e [o,r] be defined by A^(t) := —pi + (1 — p)A(t) for t E [0, T], Then, 
for each A > 0 and p E [0,1], the family of operators (^)}*e[o,T 1 satisfies (Hypi)', 

(Hyp 2 ) - (Hyp 4 ) and the corresponding evolution systems {R^’ X \t, s)}o< s <t<T, A > 0, 
p E [0,1] have the following properties 

(i) for any x E E, t, s E [0, T] with s < t, (A n ) in (0, + 00 ) and (p n ) in [0,1] such that 
X n —» 0, p n —t Pq, one has 

ftiUnAn) ^ s ^ x x as n -(-oo^ 

uniformly with respect to t,s E [0, T] with s < t; 

(ii) if (k n ) is a sequence of positive integers and sequences (A n ) in (0, + 00 ) and (p n ) 
in [0,1] are such that k n —>• + 00 , k n X n —>• e for some s > 0 and p n —>• po for some 
Po E [0,1], then for any x E E 

o) fcn a; —»• S-^—~j{eT)x as n —>• 00 , 

where A&o) { s the closure of the operator ^ J Q T A^°\t) dr; 

(iii) if (k n ), (A n ) and (p n ) are as in (ii), then for any x E E 

eT 

X n (I+R^ n ’ Xn '>(T,0)+...+R^ n ’ Xn '>(T,0) kn ~ 1 )x —> 1 Js^(T)xdT asn^+oo. 

0 

Proof, (i) It is easy to check that, for each A > 0 and p E [0,1], the family {AvL^l (^)}*e[o,T’l 
satisfies (Hyp \) with constant u := X min{l, w} and conditions (Hyp 2 ) - ( Hyp 3 ) as well. 
From now on we write A^ := —pi + (1 — p)Aq for p E [0,1]. We claim that also (Hyp 4 ) 
holds. Indeed if p = 1, then A^\t) = I for t E [0, T] and (a^xl — A^)V with a^.x = 0 
is dense in E, for A > 0. If p 7 ^ 1, then putting a^x := (1 — p)Xpo — Xp we see that 
a Mi a > — w, since po > —u , and (a^^I — XA[ i ) ‘ } )V = A(1 — p)(poI ~ Aq)V is dense in E 
and thus XA^ satisfies (Hyp±). For the corresponding evolution system R^ ,x \ one gets, 
for any (A , p) E (0,+ 00 ) x [0,1], 

(24) ||i?(^’ A )(f,s)|| < e" A ^- s ) < 1 for t,s£ [0,T], s<t, 

with cJ : = min{l,£u}, and ^R^’ X \t, s)v = — XR^ ,x \t,s)A^(s)v, for v E V, 0 < s < t < 
T. In consequence, for any v E V, t, r E [0, T], r < t, p E [0,1] and A > 0, one has 

r(uA) ( tj r ) v _ v = R M r ) v _ R M ( t , t)v = X f R^ (t, s)AM ( s )v ds. 
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Since, for any s € [r, t], 


\\R^ x \t,s)A^(s)v || < ||^ A )(t, S )||pW( S )|| £(ViE) ||r;||y < pW( S )|| £(y , £) |M|y, 

we infer that \\R^ ,X ^ (t,r)v — u|| < AC'||u||y with C := sup Mg [ 0 p] / 0 T ||^ / ^( s )ll£(V,-E) ds < 
+oo. This, due to the density of V in E, means that 

lim R^A) (t,r)x = x for any x £ E 

A— >0+ , (i — y/j-o 

uniformly with respect to t,r € [ 0 ,T] with r < t, which implies (i). 

Define a map L : (0, +oo) x [0,1] —>■ C(E, E) by 

L( A, p) := R^ ,X \T, 0) for any A > 0 and p £ [0,1]. 

Clearly, by (1241) . ||L(A,/x)|| < 1 for each (A,//) £ (0,+oo) x [0,1]. Observe also that, for 
each p £ [0,1], o M := a^x/X is such that (a^I — A^)V is dense in E. Further, for any 
v € V, 

(25) A _ 1 (L(A, p)v -v) = X-^R^ (T, 0)v - v) = [ R^ (T, s)A^ (s)v ds 

Jo 

and 

/•T 

||A _ 1 (L(A, p)v — v) — Tt1q W) u|| < / \\R^’ X) (T, s)A^(s)v - A^°\s)v\\ ds 

Jo 

T T 

< [ \\R^ x \T,s)A^(s)v-A^\s)v\\ds + \\v\\ v [ \\A^\s) - A^°\s)\\ C (v,e) ds, 
Jo Jo 

which by use of point (i) of this lemma and (Hyps) gives 

lim X~ 1 (L(X,p)v — v) = TA^v for v € V. 

A— y0 + , [a — y/Ao 

Hence, applying Theorem 12.11 and changing the time variable we get (ii) and (iii) as the 
closure of A is equal to HO°). □ 


Proof of Theorem 14.11 Let sequences (A n ) in (0, +oo) and (x n ) in E be such that 
X n —> 0, x n —>• xo as n —>• oo and = x n for each n > 1. Then, by definition 

(26) $j An) (x n ) = R ^ (t , 0)x n + X n f R(t, s)F(s, ^ (x n )) ds 

Jo 

for any t £ [0,T], where {R^ x \t, s)}o<s<t<T denotes the evolution system generated by 
the family {AH(t)} tg [ 0jT ]. This yields 

||.r n - 4>{ A7l) (x n )|| = \\R ( - Xn \t,0)x n - x n 

< \\R < ' Xn \t,0)x n - x n 


+ 


Xn / R {Xn) (t,s)F(s,^i x -\x n ))ds 


+ A n c 


Jo 
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In view of Lemma R~3l (i) with fj n := 0 for n > 1 and the boundedness of { < hi A "' ) (x ri .) | s £ 
[0, T],n > 1}, we infer that < h[ All ' ) (.T n ) —> xq, uniformly with respect to t £ [0 ,T]. Further, 
by (12611 . one has 

f T 

(27) x n = ^ n \x n ) = R^\T,0)x n + X n R^\T,s)F{s,^(x n ))ds 

Jo 

and consequently, for each k > 0 

r T 

R {\„)( T) o ) k Xn = (T, 0) k+ 1 x n + X n R (Xn) (T, 0) fc / R {Xn) (T, s)T(s, (x n ))ds. 

Jo 

Let e > 0 be arbitrary and let (k n ) be a sequence of positive integers such that k n X n —>• e. 
Summing up the above equalities with k = 0,1,... , k n — 1 for any n > 1, we obtain 


x n = R( Xn \T, 0) kn x n + X r 


k n 1 


£ R^ Xn \T, 0) k 

L A;=0 


1 ( T N 

( / i?( Ar *)(T, s)F(s, <P Xn (x n )) ds 


and, by use of Lemma 14.31 (ii) and (iii) with p n := 0 for n > 1, 


Xq = Sfi(eT)x 0 + 


r T 

/ S A {r)d7 
Jo 


T 


F(s, Xq) ds 


In consequence 


1 

IT 


{Sa ( £T ) x o ~ x °) = 7f f 0 S^{r)F(x 0 )dT. 
Thus, since £>0 was arbitrary, letting e—>-0 + , one has —Axq = F(xq). 


□ 


Theorem 4.4 (Averaging principle) Let {2l(i)}te[o,T] be a family of generators of Cq 
semigroups satisfying (Hyp\), (Hypf) - ( Hyp 5 ) and let F : [0 ,T]x E ^ E be a continuous 
map with properties (F\ ) - (F 4 ). IfU C E is an open bounded set such that Ax + F(x ) / 0 
for any x G dU n D(A), then there exists Xq > 0 such that for all X G (0, Ao], < L^(x) 7 ^ x 
for all x G dU and 

(28) Deg(A + F,U) = deg(/ — 4>^ ) , U). 

Here deg stands for the topological degree for condensing vector fields (see [Tj or m and 
Deg(A + F, U) := deg(J + A _ 1 F, U) (see \Q). 


In the proof we shall need the following lemmata. 


Lemma 4.5 (see [4J Lemma 5.4]) Let T n : E —>• E, n > 1, be bounded linear operators, 
such that, for any x G E, (T n x) is a Cauchy sequence (jl). Then, for any bounded set 
{%n}n >1 T E 

(3 ({T n x n } n > 1 ) < I lirnsup ||T„|| ) (3 ({x n } n >i). 

\ n—>•+00 / 

3 This is actually equivalent to the existence of a bounded operator T : E — >• E being the strong limit 
of(T„). 
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Lemma 4.6 (cf. Step 2 in the proof of Theorem 5.1 in J3j) Let A be a generator of a Cq 
semigroup Sa such that ||S'yi(i)|| < e~ ut for t > 0 and F : E E be a continuous map 
with k £ [0,u;) such that f3(F(Q)) < kf3(Q) for any bounded Q. If an open bounded U C E 
is such that Ax + F{x) / 0 for each x £ dU n D(A), then there exists a locally Lipschitz 
compact mapping Fl : E —>• E such that 

(29) Ax + (1 — fi)F(x) + pFl(x) ^ 0 for x € dU n D(A), //£ [0,1]. 


Lemma 4.7 Let (i)}te[o,r] f or T € [0,1], satisfy (Hyp\), [Hyp-jf) — (Hyp^) with the 
common, independent of ft, constants ui > 0, ujy, My and let F : [0,T] x E x [0,1] —>• E 
be a continuous mapping satisfying ( Fi) par - (F>f) par and the periodicity condition 

T(0, x, A) = F(T, x, A) for (x, A) € E x [0,1]. 

Suppose that U C E is open bounded and iWx + F(x,ft) / 0 for x £ dU D D(A(F)) 
and ft € [0,1] , where A^ is the closure of (1/T) J Q T A^(s)ds and F : E x [0,1] —>■ E is 
given by F(x,ft) := (1/T) J Q T F(s,x, ft) ds. Then, there exists Ao > 0, such that, for any 
A € (0, Ao], 

(x, ft) / x for all x £ dU, ft € [ 0 , 1 ], 

where : U x [0,1] —> E is given by \k^(x, ft) := u(T-,x,fi, A) for (x,ft) € U x [0,1], 
A > 0 and u(•; x, ft, A) : [0, T) —>• E is the unique mild solution of 

( u(t) = XA^\t)u(t) + XF(t,u(t), ft), t £ [0, T] 

\ u( 0 ) = x. 


Proof. Suppose to the contrary that there exist sequences (A n ) in (0, +oo) with X n —>• 0 + , 
(x n ) in dU and (ft n ) in [0,1] such that \x n ,ft n ) = x n for n > 1. Without loss 
of generality, we may assume that ft n —>• fio as n —>• +oo, for some po £ [0,1]. Let 
{v 4 ^(t)} te [ 0 i 2 T]j T € [0,1] and a mapping F : [0, 2T] x E x [0,1] —>• E be given by 

A M (t) := A^\t - [i t/T]T) for (t, p) £ [0, 2T] X [0,1], 

F(t, x , p) := F(t — [f/T]T, x, ft) for (t , x, ft) £ [0,2T] X E X [0,1]. 

where [s] stands for the integer part of s £ M. It is easy to check that, for each A € (0, oo) 
and fi € [0,1], the family {A^ 4 ^(f)} tg [ 0 j 2 T] and the mapping A F satisfies (Hyp\), (. Hyp 2 ) 

- (Hyp 4 ) and (Fl) par - ( F3) par • Denote by {R }o<s<t< 2 T the corresponding evolution 
system obtained by Proposition 13.61 From the very construction of hyperbolic evolution 
systems (see m Ch. 5, Theorem 3.1] and the proof of Proposition 13.71) . we see that, for 
all A > 0, and fi £ [0,1], 

(30) R {fl ' X) {T + t,T + s) = R {ll ' X \t,s) = R^' X) (t,s) for t, s £ [0, T], s < t. 

For each t £ [0,2T], define : fix [0,1] 4 E, by ^f[ X \x,p) := u(t]x,p, A), where 
u( ■; x, fi, A) : [0, 2T] —^E is a solution of 

f ii(t) = XA^\t)u(t) + XF(t,u(t), fi), t £ [0,2T] 

[ u( 0 ) = x. 
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It clearly follows from (1301) that, for any n > 1 and t E [0, T], 

^ t Xn \x n ,fi n ) =^( Wn ) = R ilXn ’ Xn \T + t,t)^l Xn \x n ,fi n )+X n j w n ,t(s) ds, 

with w n j(s) := R^ n,Xn ^(T + t, s)F(s, ^>[ Xri \x n , /i n ), fi n ) for s € [t, T + £]. Therefore, for 
any integer k > 0, one has 

R^’ K \t + t, t) k ^ n \x n , Hn) = R^\ T + t, t) k +H'l Xn \x n , fi n ) 


+ A n R 




rT+t 

(T + t, t) k J 


w n ,t(s) ds. 


Putting k n := [1/A n ] and summing up the above equalities with k = 0,..., k n — 1, we find 
that 

(31) ^ t Xn \x n ,^ n ) =R^ n ' K \T + t,t) k ^ { t Xn \x n ,v n ) + K n U T+t w n , t (s)ds 


where 


k n 1 


K n := A n R { ^' Xn) (T + t,t) k for n > 1. 
k =0 

By (1501) and the fact that A n k n —>• 1 as n —>• Too, going along the lines of the proof of 
Lemma 14.31 we infer that, for any x E E, 

,-T 


R^ n,Xn) (T + t, t+x 5— (T)x and K n x . T 

This, along with Lemmata 14.51 and 13.41 gives 


-I 

T Jo 


S -.—; (s)x ds. 
A(n) v ’ 


^([^ Xn \x n ^ n )) n>i 


< 


< 


e uT I3 ({^)(x B ,^)} n>i ) + J T —/3 fj^ Wn,t(s) ds 


< e 


uT 

1 — e~ uT r T+t 


n> 1 j 


P{{w n ,t(s)} n > i) ds 




< e 

and, in consequence, 

(32) P^Y\x n ,f, n )} 

Define (j) : [0, 2 T] —> M by 

<f>( s ) ■= P ( {^f" ) (^n,^n)} 


< - 

' n> 1 J CjT 


J t P ({^ An) ( Xn , //n )} n >i) ds ' 


n> 1 


for s E [0, 2T], 


We claim that 4> = 0. Indeed, otherwise M := sup sG r 0 2 T] </>(s) £ (0,+oo) and by its 
T-periodicity, for e E (0, (1 — k/u)M ) there exists t e E [0, T] such that 


M-e < 


k fT+te 

(j>(t e ) < —— / 4>(s) ds < ( k/u)M < M 

UT Jt e 
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which is a contradiction. Hence, in particular /3({xn}n>i) = 0 and without loss of gener¬ 
ality we may assume that x n —» xo as n —» +oo, for some xo € dU. 

Further, observe that (x n , /a n ) —> as n —>• +oo, uniformly with respect to 

t € [0, T], which follows from the inequality 

) (t,s)F(s,^ An) (x n ,/r n ),^ n )|| ds 

and Lemma 14.31 (i). Note that, for any k > 0 

R(t*n’>*)(T,0) k Xn = R^ n ’ Xn \T,0) k+1 x n + X n R^ n ' K \T,0) k h n (s)ds) , 


^t X "\ x n, hn) - ®o||<P ( ^’ An) M)x„-® 0 ||+A r 


where /i n (s) := R^ n,Xn ^ (T, s)F(s,\vi Xn \x n , /j, n ), n n ) for s € [0,T] and n > 1. Let e > 0 be 
arbitrary and a sequence (/c n ) of positive integers be such that k n —>• +oo and k n \ n —>• e 
as n —>■ +oo. Then, reasoning as before, one obtains 

(33) x n = R^ n ’ Xn \T, 0) kn x n + J n (J h n (s)ds' S j for n > 1 , 

where J n := A n R^ n,Xn \T, 0) k . Note that, in view of Lemma 14.31 

h n (s) —>• F(s,xo,no) as n —>• +oo, uniformly for s € [0,T], 

i?( M "’ A ")(T, 0) fe ”x„ —5-j^(eT)xo as n —>• +00 and 

1 f eT 

J n x —>• — y S-^~^(s)x ds as n —>• + 00 , for any x € E. 

Thus, after passing in (ITTll to the limit with n —> + 00 , one has 


X ° = ,S « (er)xo + 


1 

T 


J 0 S Jw)( T ) rfr F(s,x 0 ,tio)ds\ , 


which rewritten as 


1 




eT V A(^o) 


1 [ eT 

^tJo ‘ 


s ^FF)(. T ) F ( x o^o)dT. 


Letting e —>• 0 + yields —T<T°)x'o = F(xq,/j,o), a contradiction completing the proof. □ 


Lemma 4.8 (see [2] Proposition 4.3]) Let F : E — >• E be a completely continuous locally 
Lipschitz with sublinear growth and let : E —>• Li 6e die translation along trajectories 
operator by time t > 0 /or die equation 

ii(t) = —u(t) + F(u(t)), t€[0, T]. 

Then, for each t > 0, the mapping E t is a k-set contraction and if an open bounded U C E 
is such that 0 ^ ( I—F)(dU ), then there exists to > 0 such that for any t € (0, to]; Et(x) / x 
and 

deg(/ — F,U) = deg(I — S t , [/). 
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Proof of Theorem 14.41 First we reduce the proof to the case where the nonlinear 
perturbation is compact. By Remark 14.21 (b) we infer that the operator A and mapping F 
satisfy assumptions of Lemma 14.61 Therefore there is locally Lipschitz compact mapping 
Fl : E —>• E such that 

(34) Ax + (1 — p)F(x) + p iFl(x ) / 0 for x € dU n D(A), p € [0,1]. 

Thus, applying Lemma 14.71 to equations associated to 

u(t) = \A(t)u(t) + A((l - p)F(u(t)) + pF L (u(t))), t £ [0, T], 

and the homotopy invariance of the topological degree, provide 
Claim A. There exists X\ > 0 such that for any A £ (0, Ai] 

deg(J - 4 A) ,C) = deg(7 - ^,U), 

where : U —>• E is the translation along trajectories operator by the time T for the 
equation 

u(t) = A A(t)u(t) + A Fi(u(t)). 

Next we prove 


Claim B. There exists A 2 € (0, Ai] such that for any A £ (0, A 2 ] 

(35) deg(J - ^,U) = deg(/ - ^ A) , U), 


where is the translation along trajectories operator by the time T for the equation 


u(t) = —\u(t) — \A 1 F7(n(t)), t € [0, T\. 


To this end, consider a differential problem given by 

(36) u(t) = XA^(t,)u(t) + \F(u(t), p) on[0,T], 
where 

A^\t) := — pi + (1 — p)A(t) for te[ 0 ,T], 

F(x, p) := [(1 — p)I — pA~ 1 ]Fl(x) for p £ [0, 1]. 

Lemma FOI shows that the family {AA^ (i)}te[o,T] satisfies (Hyp'f), [Flyp^) - ( Hyp 4 ) and 
so the family {A^ (t)}tg[o,T] fulfills the assumptions of Lemma 14.71 It is also clear that 
F is locally Lipschitz in x uniformly with respect to p and compact, which, in particular, 
means that it has sublinear growth uniformly with respect to p. For any A £ (0, 00 ), let 
: U x [0,1] —>• E be given by 

'$>jl\x,p) := u(T]x,p, A), for x £ E, /u. G [0,1], 

where u(-',x, p, A) stands for the mild solution of (1561) starting at x. 

Observe that 

(37) [{1-p)A-pI]x + F{x,p) ^0 for pe [0,1], x € <97 /0 L>(2 M ). 
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Indeed, suppose that for some p, E [0,1] and x € dU n D(A) we have [(1 — ft) A — pl]x + 
F(x,p) = 0. If p = 1 then — x — A~ 1 Fl(x ) = 0, which contradicts (f3~il) and if /r E [0,1) 
then 

x = —R(A; p/{\ - p))(I - p/(l - p)A~ 1 )Fl{x), 

which due to the resolvent identity gives x = —A~ 1 Fl(x), again a contradiction proving 
(1371) . Thus, applying Lemma ITT! and the homotopy invariance of the topological degree 
to \ we find A 2 € ( 0 , Ai] such that for any A € ( 0 , A 2 ], (j35j) holds, which ends the proof 
of Claim B. 

Finally, by applying Lemma [4781 one gets Ao € (0, A 2 ] such that for any A € (0, Ao] 
deg(7 + At 1 F l , U) = deg (7 - U). 

Combining this with (1M1) . we infer that, for A E (0, Ao], 

Deg(! + F.U) = Deg (A + F L ,U) = deg (7 + A~ l F L , U) 

= deg (I - ig, U) = deg (7 - U), 

which together with Claims A and B completes the proof. □ 

As an immediate consequence of Theorem 14.41 we get the following result. 

Corollary 4.9 If 0 0 (A + F)(dU D D{A)) and deg(A + F, U) / 0, then (Pt,\) admits a 
solution for small A > 0. 

By means of a priori bounds type assumption, we get the existence criterion for periodic 
solutions. 

Theorem 4.10 (Continuation principle) Let a family {A(i)} tg [ q^] an d a mapping F : 
[0 ,T]x E ^ E satisfy (Hyp\), ( Hyp 2 ) - (77yp 5 ) and (Ff) - (F 3 ), respectively. If (P T ,x) 
has no T-periodic points in dU x (0,1) and Deg(A + F,U) ^ 0, then (P) admits a mild 
solution u : [0, T] —> E such that u( 0) = u(T) E U. 

Proof. If (x) = x for some x E dU, then the assertion holds. Hence, assume that 
7 ^ x for x E dU. By Theorem 14.41 there exists Ao E (0,1) such that, for any 
A E (0, Ao], $^(x) =7 x and 

(38) deg(7 — < h^ ) , U) = Deg(A + F, U). 

Then the mapping U x [Ao, 1] 3 (x, A) i->- 4>^^(x) provides an admissible homotopy (in the 
degree theory of k -set contraction vector fields) and by the homotopy invariance 

deg(I - 4 1} , U) = deg(7 - o) ,U ), 

which together with ([3811 and the assumption implies the existence of x E U such that 
$ 5 ! } (x) = x. □ 

The above Continuation Principle can be useful when studying asymptotically linear 
evolution systems. 
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Theorem 4.11 Let a family {^4(t)}te[o,T] satisfy (Hyp \) and (Hypf) - ( Hyp 5 ) and let 
F : [0,T] x E —» T 1 &e a completely continuous mapping satisfying (Ti), (T 2 ) and (T 4 ). 
Assume also that {F^ft) : E —» E} t ^ 0 ,t] a family of compact linear operators such that 
the mapping 1 1 ->- F^ft) £ C(E,E) is continuous on [0, T], F ao ( 0) = F^T) and 

(39) lim = 0 uniformly with respect to t £ [0, T], 

||x||—H-oo ||X|| 

If, for each A £ (0,1], the parameterized linear periodic problem 


( u(t) = X(A(t) + F 00 (t))w(t), f£[ 0 ,T] 

\ u( 0) = u(T) 


has no nontrivial solution and Ker(H + TAo) = {0}, then (P) admits a T-periodic mild 
solution. 


Proof. We begin with proving that there exists R\ > 0 such that 0 0 (A + F)((E \ 
B(0, f?i)) n D(A)) and 


(41) 


Beg(A + F,B(0,Ri)) 


= 1. 


Define H : [0, T] x E x [0,1] —> E by 


H(t, x, A) 


XF(t,X 1 x) for t£[0,T], x € E, A £ (0,1], 
Foo(t)x for t £ [0,T], x £ E, A = 0. 


Standard arguments show that both H and H are completely continuous and for any 

Aq € [0,1] 


(42) 


lim 

||i£||—A—»Ao 


\\H(x,X) - Foox\ 


= 0 . 


Observe that there is f?i > 0 such that 


(43) Ax + H(x, A) / 0 for x £ (E \ B(0, R\)) (1 D(A), A £[0,1]. 

Otherwise there are (x n ) in E and (A n ) in [0,1] such that Ax n + H(x n ,X n ) = 0 and 
||.T n || —>• + 00 . Put z n := x n /||x n ||. If X n = 0 for some n > 1, then z n = —A~ 1 F 00 z n , a 
contradiction to the assumption. If (A n ) in (0,1], then 

(44) z n = -WxnW^A^Hfxn, X n ) = - A~ x (X~ 1 \\x n ||) _1 F(A“ J \\x n \\z n ). 

Since lim|i, z .||_ H _ 00 ||.F(a;) — T’< x >2 : ||/||2 ; || = 0 and p n ■= A” 1 || —»■ +00 as n —>• 00 , 

(45) ||Zn T A Too z n 11 ^ || A || || F(p n z n ) Too(Pn^n) ||/Pn ^ 00 as n y OO. 

By Lemma 13.41 the linear operator F 00 is compact, which together with (1451) means that 
(z n ) contains a convergent subsequence. Hence, we may assume that z n —y zq for some 
zq £ E and by ()45f) we infer that zq = —A~ 1 F 00 zo, which is again a contradiction meaning 
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that flUD holds for sufficiently large R\ > 0. 
Now we claim that 


(46) there is R > R\ such that, for any A € (0,1), the problem ( Pt,\ ) has no 
periodic solutions starting at points from dB(0,R). 

Otherwise there exist (u n ) and (A n ) in (0,1) such that, for each n > 1, u n is a solution 
of (P T> \ n ) and ||rt n (0)|| ->■ +oo as n ->■ +oo. Putting v n : = w n /||wn||oo, where ||rt n ||oo := 
max ie [ 0iT ] 11 tin (Oil) one has 

(47) v n (t) = R (Xn \t,0)v n (0) + Anllunll " 1 f R {Xn \t,s)F(s,\\u n \\ 00 v n (s))ds. 

Jo 

Note that, by (1391) and the fact that F is a completely continuous mapping, for any e > 0, 
there is m e > 0 such that \\F(t,x) — -Foo(i)®|| < e||a?|| + m e for x £ E. Consequently, for 
each e > 0, there exists n e > 1 such that, for any n > n e and s S [0, T], 

(48) 11 \\u n 1|oo -^X®) ||||ocTn(s)) Poo('S)'^n(s) 11 i; 11|loo (^11 ||oo ||^n(®) || 4“ TTl . £ ) ^ 2,6. 

For each n > 1, put h n (s ) := ||w n ||^ 0 1 i ? (s, ||rt n || 00 u n (s)) for s € [0,T|. If s € [0,T], then 
using (l48|) and the compactness of F 00 (s), for arbitrary e > 0, we deduce that 

/3{{h n (s)} n > i) < /3(i ? oo(s)({t’n('S)}n>i)) + 2e = 2e for s € [0, T\, 


which, by passing to the limit with e —)• 0, gives /3({h n (s)} n > i) = 0. Obviously, we may 
also assume that A n —>• Ao for some Ao € [0,1]. 

If Aq = 0 , then note that 


(49) u„(0) = R {Xn \T,0) k "v n (0) + 


hn 1 


Y R (Xn) (T, ())* 


k=0 


R {Xn \T,s)h n (s)ds 


where (k n ) is an arbitrary sequence of positive integers. If we put k n := [T/X n ] for n > 1, 
then k n \ n —>• T as n —>• +oo and, in view of Theorem I2T1 and Lemma 14.51 we get 


/3(K(0)}n>i) < e wT /3(K(0)}n>i) + -—- fi{\J - R(An) ( T > s )^( s ) ds | ^ 

< e _wT /3({u n (0)} n >i) + (1 - e~ ulT )uj~ 1 [ /3({h n (s)} n > i) ds = e~ uT p({v n ( 0)}„>i). 

Jo 

In consequence /3({u n (0)} n >i) = 0. Furthermore, by (ITT)) and Lemma [4.51 for any t € 
[0, T], one has 

/3({v n {t)}n> l) < P({R M (t,0)v n (0)} n> l) / /3({i? (An) (t, s)h n (s)} n > 1 ) ds 

Jo 

</3({u n (0)} n >i) + J 0 (^{X n h n (s)} n ^ ds = 0, 

i.e. P({v n (t)} n > i) = 0 for t € [0,T]. Since, by (jM]), the set {h n } n > i is bounded in 
C([0,T], E), applying Proposition 13.11 (iiL we infer that {u n }n>i is relatively compact in 
C([0,T], E) and without loss of generality, we assume that v n —>• vq in C([0,T], E) and 
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u n (0) —>• xo := ^o(O). Furthermore, by (USD, for arbitrary e > 0, there exists n £ > 1 such 
that, for any n > n £ and t G [0, T], 

||u n (t) - i? (An) (t,0)u n (0)|| < An [ ||i? (An) (t, s)F 00 (s)v n (s)|| ds + 2X n eT 

Jo 

<A n K / \\v n (s)\\ ds + 2X n eT 0 as n -> oo, 

Jo 

where K := sup re [ 0 ,T] ||-F 00 (t)||. This together with Lemma l4~3l (i) imply that vo(t) = xo 
for any t G E and in particular xq / 0, since 11fo 11 oo = 1- Hence, in view of HH1) we find 
that 


(50) h n (s) —>• F oa (s)x o as n —>• oo uniformly for s G [0,T], 


Now £x an arbitrary e > 0 and take any sequence (k n ) of positive integers such that 
k n X n —>• £■ Applying Lemma 14.31 (ii), (iii) and (1501) and passing to the limits in (|49l) . we 
obtain 


xq = St(sT)xq + 


1 f eT 

al s * (T)d \ 


f 


Foo(s)x 0 ds 


i.e. 


1 

eT 


1 f eT - 

(Sfi(eA)x 0 - xq) = — J S^(t)F ooXodT , 


Hence, a passing to the limit with e —>• 0 yields xq G D(A) and ( A + F 0 O )xo = 0, a 
contradiction proving (1461) in the case Ao = 0. 

If Aq G (0,1], then, by (1471) and Lemma 1431 


/3({x n (0)}„>i) 


< e“ Ao ^(K(0)}„>i) + X 0/ 3 



< e- x ^ T p({v n (0)} n > 1 ) + £ X 0 e- Xo ^ T - s ^/3 ({/^(s)}^) ds = e~ x ^ T ^(^(0)}^) 
and, consequently, /3({u n (0)} n >i) = 0. Using again (HD) , for all t G [0,T], 


P({v n (t)} n > l) < e Aowt /3({u n (0)} n >i) + J A 0 e Aoa;(t s) /3 ({/in( s )} n >i) ds = 0 , 

which gives /3({v n (t)} n > i) = 0 for any t G [0, T], Hence, due to the boundedness of {h n } n >\ 
in C([0,T],E) and Proposition 13.11 (ii). it follows that {u n }n>i is relatively compact in 
C([0, T], E) and, without loss of generality, we assume that v n —» vo in C([0, T],E). Then, 
using (l47|) . (l48l) and Proposition 13.71 we infer, that for any t G [0, T\, 

v 0 (t) = R (Xo) (t,0)v o (0) + A 0 f R( x °\t,s)F oo (s)v 0 (s)ds, 

Jo 

i.e. vq is a nontrivial mild solution of (1401) with A = Ao G (0,1], which is a contradiction 
proving (l46l) . 

Finally, (1411) and (1461) allow us to apply Theorem 14.101 to finish the proof. □ 
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5 An application to hyperbolic partial differential equations 


We end the paper with an example of a periodic problem for the hyperbolic evolution 
equation with a time-dependent damping term. Suppose that P is an open bounded subset 
of lA and A : D(A ) —>• E is a positive self-adjoint linear operator with compact resolvents 
defined on a Hilbert space X := L 2 (Q) with the scalar product and the corresponding 
norm denoted by (•, -)o and | • |o, respectively. It is well known that such A determines its 
fractional power space X 1 / 2 being a Hilbert space as well. If we denote the scalar product 
and the corresponding norm by (•, -)i /2 and | • 1 1 / 2 , respectively, then it is known that 

Mi /2 > ^l^Mo f° r any u € X 1 / 2 

where Ai > 0 is the smallest eigenvalue of A. Typical examples of A satisfying these 
conditions is —Ad, where Ad is the Laplacian operator with zero the Dirichlet boundary 
conditions or —Atv + otl, where A^v is the Laplacian operator with the zero Neumann 
boundary conditions and a > 0. 

Consider a periodic problem 

1511 / Utt ( x,t ) + P(t)u t (x,t) + (Au)(x,t) + f(t,u(x,t)) = 0 infix (0, T] 

\ u(x, 0) = u(x, T), ut(x, 0) = ut(x, T) on <9H, 

where (3 : [0, T] —> R is a T-periodic continuously differentiable function such that /3(t) > 0, 
for t £ [0, T] and / : [0, T] x R —>• R is a continuous function satisfying the following 
properties 


(52) 

(53) 

(54) 

(55) 


there is L > 0 such that | f(t, si) — f(t,S 2 )\ < L\s\ — S 2 I fo r t € [0, T], si, S 2 G M, 
there is c > 0 such that \f(t,s)\ < c(l + |s|) for t £ [0, T\, s £ R, 

/(0, s) = f(T,s ) for s £ R, 
f (t s') 

lim -1— = /oo uniformly with respect to t € [0, T\, 

|s|—>+00 S 


for some f aQ € R\cr(H). If we define Nf : [0, T] X X —>• X by Nf(t,u)(x ) := f(t,u(x )) for 
a.e. x € H and t £ [0,T], then (15111 can be rewritten as a system 


f u(t) = v(t) 

\ v(t) = —Au(t) — P(t)v(t) — Nf(t,u(t)), for t € [0, T\ 
and in a matrix form as 


(56) 


z(t) = A(t)z{t) + F(t, z(t)), for t£[0,T] 


with operators A (t) : D(A(t)) —>• E, t € [0,T], on the separable Banach space E := 
A ' 1 / 2 x X , defined by 

(57) D(A(t)) := X 1 x X 1/2 for t € [0,T], 

(58) A (t)(u,v) := (v,—Au — (3(t)v) for t£[0,T], (u, v) £ D(A(t)) 


and F:[ 0 ,I]xE 4 E given by F (f, (u, v)) := (0, — Nf(t , u)) for t £ [0, T], (u, v ) £ E. 

We claim that the family {A(f)} te [ 0 i T] and the map F satisfy the assumptions of 
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Theorem 14.111 provided E is endowed with a proper norm. To this end, for rj > 0, define 
a new scalar product (•, -)e, r? : E x E —>• M, by 

((ui,vi), (u 2 ,v 2 )) EjV := (ni,n 2 )i / 2 + (vi + rju 1 ,v 2 + r]u 2 ) 0 . 

Clearly it is a well-defined scalar product and the corresponding norm || • ||e,t/ is equivalent 
to the usual product norm || • || in E = X 1 / 2 x X. Let /3o > 0 be such that (3(t) > fig for 
t E [0,T], Putting 7 := max te [ 0 ,T] ^^WW + 1) for 0 < rj < 1, one has 

(A (t)(u, v), (u, v)) Er) = (v, u) 1/2 + (-Au - fi(t)v + r]v,v + rju) 0 
= W, u) 1/2 - {Au, v)o - (fi(t)v, v)o + r)\v\l - rj(Au, u) 0 - p(fi(t)v, u) 0 + W(v, u ) 0 

< -v\u\l/2 - Wo - v)\v\o + v(P(t) + l)|(w,«)|o 

< -y\u\l /2 - Wo - v)\v\l + fryM1/2M 

< -vHl/2 - Wo - T])\v\o + (v/ 2 )Hl / 2 + (r?7 2 /2)klo 
= -W/2)\u\l /2 -Wo-V~ ^7 2 /2)Mq, 

and therefore, decreasing r] > 0 if necessary, there exists u = oj{rf) > 0 such that, 
{A{t){u,v), (u,v)) E , n < —uj\\(u,v)\\ Er) for any (u,v) € D(A(t)) = X 1 x X 1 / 2 . Since 
ImA(f) = E, for t € [0, T], we infer that, for t € [0,T], the operator A (t) is a generator 
of Cq semigroup satisfying 


ll‘S'A(t)(s)||E,7 ? < e for s > 0 

and, in particular, condition (. Hyp ' x ) holds. Moreover, observe that, for each (u,v) E X 1 X 
A' 1 / 2 , the map 1 1 ->- A (t)(u, v) E E is continuously differentiable on [0, T] as /? is so. Hence, 
in view of Proposition lT 8 l the family {A(t)} i >o satisfies also conditions (Hyp- 2 ) and ( Hyp 3 ) 
with V := X 1 x A 1 / 2 equipped with the norm given by ||(it,i;)||v := ||A(0)(it, u)||e,t-/ + 
||(it, u)||e ,?7 for ( u,v ) € V. By the periodicity of (3, ( Hyp 5 ) holds. Furthermore, observe 
that for (u, v) E V = X 1 x A 1 / 2 


A 0 («,u) := 


A(t)(u, v)dr = (v , — Au — /3v) 


where (3 := (1/T) f Q /3 (t)cIt and ImA 0 = E which implies (Hyp 4 ). It can be easily 
verified that Ao is closed and consequently, A = Ao- Since /3 is T-periodic function, we 
conclude that (Hyps) is also satisfied. 

It may be checked that F is continuous and, by f[52ll . (|53|) and (|53l) . satisfies conditions 
(Ei), (E 2 ) and (F 4 ). Since the operator A has compact resolvents, the inclusion A 1 / 2 C A 
is compact and therefore, both F and Fqo : E —>• E, given by F 00 (u, v) := (0, —f QQ u), are 
completely continuous. Furthermore observe that 


(59) 


lim sup 

,u)||—)-oo, t^t 0 


|F(t, (u,v)) - F 0O (u, v) 

\\W,v)\\ 


< lim sup 


I Nf(t,u) - fooU\o 


\u 


11/2 


Now suppose that (u n ) is a sequence in A 1 / 2 such that |«n|i/2 —>• +00 as n —>• +00 and 
(t n ) in [0, T] is such that t n —>• to as n —>■ + 00 . If we put z n := u n /|tt n |i /2 for n > 1, then 
by the compactness of the inclusion A 1 / 2 C A, there exists subsequence (z nk ) and zo E A 
such that z nk —>• zg in A as k —>■ + 00 . Without lost of generality we may assume that 
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z nk (x ) —>• zq(x), a.e. on fi, and there is g E A such that, for each k > 1, \z nk (x)\ < g(x) 
a.e. on Q. Then, putting g n := |u n |i/ 2 ) by ([55]) . we find that 

\k L nl f(tn k ,x,n nk z nk (x)) - fooZn k {.x )\ 2 ->• 0 a.e. on fi, ask^-oo 


and, for each k > 1 , 


\t J 'nlf( t n k ,X,IJ.n k Zn k (x)) ~ fooZn k (x)\' 2 < g Q (x) a.e. Oil Q 

with go := (c(m + g) + /ooff) 2 where m := sup{g~ 1 \ n > 1}. Since is a bonded set, go 
is integrable and by the Lebesgue dominated convergence theorem 

I Nf(t nk , U nk ) — fooU nk lo/l^n*. 1 1/2 = / \k’n k f n k ) x > Ln k z n k ( x )) — fco z n k (x)\"dx —> 0 

Jn 

as k —> +oo, which together with (|59l) . implies that 


lim 

||z||-400, t—>to 


|F(t, z) - F c 


= 0 


and condition (fHTJll is satisfied. 

The following lemma will be helpful in verifying that (1401) has no nontrivial T-periodic 
solutions for A E (0,1). 


Lemma 5.1 Let A : D(A) —>• E be a positive self-adjoint operator with compact resolvents 
on a Hilbert space X and, for fixed (3 > 0, A : D( A) —>• E be an linear operator on 
E := X 1 / 2 x X° given by D( A) := X 1 x X 1 / 2 and 

A(u, v) := (v, — Au — j3v) for (u,v) £ D( A). 

Let Efc := Afc x Afc, k > 1, where X fc is the space spanned by the first k eigenvectors of A 
(corresponding to the first k smallest eigenvalues of A), and Afc : Efc —» E be given by 

A k (u,v) := A(u,v) for (u,v) € E fc . 

Then 

(i) A (Efc) C Efc for each k> 1; 

(ii) R(g\ Afc)(rt, v) = R(g; A)(u,v) for any k>l and (u,v) E Efc and g > 0; 

(iii) S\ k {t){u,v ) = S\(t){u,v) for any k> 1 and (u,v) E Efc. 

Proof. (i) conies straightforwardly from the fact that A(X^) c Afc for k > 1. 

(ii) If (p,q) E Efc and (u,v) := R(g;Ak)(p,q) for some g > 0, then gu — v = p and 
Au + (g + f3)v = q, i.e. g(g + j3)u + Au = (g + j3)p + q E Afc, which shows that u E Afc 
and u = gu — p E Afc. Therefore, g(u,v) — Ak(u,v) = g(u,v ) — A(u,v) = ( p,q ), that is 
-R(m; A)(p, g) = (n, n) = R(/i; A fc )(p, g). 

(iii) follows from the Euler formula SA{t)(u,v ) = lim n _>. + 00 (ra/i) n .R( 7 i/t; A) n (u, v), 

(u,v) E Efc, and (ii). □ 

Lemma 5.2 Let {A(t)} t( zi 0T ] be given by ([57]) . (l58l) and {Afc(t)} te [ 0j T], k > 1 , be given 
by A k (t)(u,v) := A(t)(u,v) for (u,v) E E fc . If {R(f, s)} 0 < s < t <T and {R (fc) (t, s)}o< s <i<r, 
k > 1 are f/ie evolution systems determined by {A(t)} te r 0j ;n and {Afc(t) : Efc —>• Efc} tG r 0 T ], 
k > 1, respectively, then, for any k> 1 and (u,v) E Efc, 

R^ : )(t, s)(w, v) = R(t, s)(u, r) for 0<s<t<T. 


27 



Proof. By the construction of evolution systems (see [H, Ch. 5, Theorem 3.1]), for any 
(u,v) € E, 

(60) R(f, s)(u, v) = lim R n (t,s)(u,v) for 0 < s < f < T, 

n—H-oo 

where R n (f, s) : E —>• E, n > 1 are given by 


R-n (M). —* 


^A(tJ)(* -s ) 


r —1 


S A (t»)(t-t?) ( nSA(t 7 )(T/n) S A{t?] (t? +1 -s) 


if s,te < t, 

if l < r and s € [tf,tf +1 ], 

t G [CC+l] 


with tj := ( j/n)T for j = 0,1,... , n. Similarly, for any k > 1 and (u, v ) € Efc, 
(61) R^(t, s)(u,v) = linr R ^(t,s)(u,v) for 0 < s < t < T. 

n—>-+oo 


where 


R i k \t,s):={S_ 


SA k (W){t-s) 


if s,t£ s < t, 


r —1 


3a k (t”){t-tr) y nS Ak{ t 7 )(T/n)J S Ak (t?)(fi- +1 -s) if l<r and s € J, 

t € [t?,tp+1]. 


Lemma [5TT1 (iii) states that S A ^ t j^(s)(u,v) = S Ak ^jJs)(u,v) for fc > 1, (u,v) € Efc, s > 0, 
n > 1 and j € {1,... ,n}. Hence, using the formulae (1601) and (16T1) completes the proof. 
□ 


Lemma 5.3 (cf. [TU] . |16] ) If f : [0,T] — > X° is continuous and (u,v) : [0,T] —»• X 1 / 2 xX° 
is a mild solution of 

(u(t),v(t))' = A(t)(u(t),v(t)) + (0, /(f)), t € [0,T], 


then 

( 62 ) t^K*)Io = (“(*)> v ( 4 ))o /orfe[0,T], 

( 63 ) 7^ (l«(*)li/ 2 + KOlo) = -0(f)K*)lo + {f{t),v(t)) 0 for f<E[0,T], 


Proof. Let (u, v ) : [0, T] —>• E be a mild solution of 

z{t) = A(t)z(t) + (0, /(f)), t G [0, T\. 

Put (UfcjTfc) := (Pfcu(0), Pfcu(0)) for A: > 1, where : X 1//2 —>■ Xfc and Pfc : X° —»• X^ are 
the orthogonal projections. Furthermore, let (5fc, Ufc) : [0,T] —>• Efc be the mild solution of 

(rA\ f (u(t),i>(t)) = A k (t)(u(t),v{t)) + (0,Pfc/(f)), t € [0, T] 

1 j l K0),u(0)) = (Ufc,Ufc) 
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and for each k > 1 define (u k ,v k ) : [0,T] —>• E by (uk(t),Vk{t)) := (u k (t),Vk(t)) for 
t € [0, T], Then 

(u k {t),Vk(t)) = R (fc) (£,0)(ujfc,n fe ) + / R (fc) (i, s)(0,P k f(s))ds forfG[0,T], 

Jo 

and by Lemma [5721 one gets 


(uk(t),Vk(t)) = K(t,0)(u k ,Vk)+ [ K(t,s)(0,P k f(s))ds forfe[0,T], 

Jo 

Further, since (uk,v k ) —> (u(0),v(0)) in E and Pkf(t ) —> f(t) in X° as k — >• +oo uniformly 
for t G [0,T], by Proposition 13.II (i) we infer that (uk,Vk) —»• (u, u) in C([0,T],E). Finally, 
treating ([Ml) as a system of ordinary differential equations with the family {A^. (t) G [o,'T] 
of bounded operators we see that (u k ,Vk) is, in particular, a classical solution. Therefore, 
we obtain 


(,u k (t),u k {t)) 1/2 = (u k {t),v k {t)) 1/2 

(v k (t),V k {t)) o = ('U'fe (t), Vk (t))i / 2 - /3(i)Mt)lo + (v k (t),Pkf(t)) o, 
for any t G [0, T] and, as a result, 

^(M*)Ii /2 + M*)lo) = -^(i)|wfc(*)lo + (vk(t),Pkf(t)) 0 for f€ [ 0 ,T], 

Thus, we see that both, the functions \uk\\, 2 + kfclo> & > 1 and their derivatives converge 
uniformly on [0, T], which gives (1631) . To see (1621) observe that 

(65) ~Mf)|§ = (u k (t),u k (t)) o = (u k (t),v k (t)) o for t G [0,T] 

and rtfc(f) —>• u(f), Wfc(t) — >■ n(t) is a space X°, as k —>• oo, uniformly with respect to 
t G [0, T], Hence we see that the functions |u^|q, k > 1, and their derivatives are convergent 
uniformly and, by (|65l) . we are done. □ 

Now return to our considerations of (l56l) and suppose that, for some, A G (0,1], (u, v ) : 
[0, T] —» E is a T-periodic mild solution of 

(u,v)' = A(A (t)(u(t),v(t)) + Foo (u(t),v(t))), t G [0,T], 

If view of Lemma 15.31 we get 

\j t (K ^/2 + K*)lo) = -A0(t)K*)lo - \foo{u(t),v(t)) 0 

and, after integrating and using (j62]), one has 

0 <[ \p(t)\v(t)\%dt = -J [ Xfoo(\u{t)\lYdt = 0 , 

Jo z Jo 

a contradiction proving that (1401) has no nontrivial T-periodic solutions. 

Finally, by a direct calculation, we see that Ker(A + Foo) = {0} since f^ 0 cr(A). Thus, 
in view of Theorem 14. Ill problem (1511) admits a T-periodic solution in the sense that (1561) 
has a T-periodic mild solution. 
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